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Outline

I Motivating application: SV model with leverage effects, asymmetry and
heavy-tails, extended to high-dimensional case

I Bayesian estimation methodology.

I Particle Efficient Importance Sampling.

I Empirical results.
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Motivating example
Factor stochastic volatility with leverage effects, asymmetry and heavy-tails

Objective: flexible and high-dimensional modeling of multivariate
financial time series

I high-dimensional: From Dempster et al. (2008) survey quantitative
mutual funds, hedged quant funds; Vardi (2015) reports such quant
funds usually have tens and even hundreds of positions in their portfolio.

We want to model the following features:

I Univariate (marginals): time varying and persistent volatility, heavy-tails,
leverage effects, and possible asymmetry / skewness.

I Multivariate: leverage effects (stronger dependence during downturns),
tail dependence, asymmetric dependence.

I Are leverage effects, return asymmetry systematic or asset-specific ?
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Literature on univariate SV
Basic SV model

I van der Vaart (1994), Ruiz (1994), Kim et al. (1998), Carrasco and
Chen (2002).

yt = exp(ht/2)εt , εt ∼ N(0, 1)

ht+1 = µ(1− φ) + φht + ηt ηt ∼ N(0, σ2)

h1 ∼,N
(
µ,

σ2

1− φ2
)
, t = 1, ...,T .

Some extensions

I with heavy-tails: Durbin and Koopman (1997), Shephard and Pitt
(1997), Jacquier et al. (2004), Koopman et al. (2015)

I with leverage effect: Pitt and Shephard (1999a), Yu (2005), Takahashi
et al. (2009), Omori and Watanabe (2010)

I with asymmetry or skewness: Barndorff-Nielsen and Shephard (2003),
Watanabe and Omori (2004), Nakajima (2015)

4 / 34



Our building block model: Model 1

I Nakajima and Omori (2012):

yt = νt exp(ht/2), t = 1, ...,T ,

νt = α + βWt +
√

Wtεt , t = 1, ...,T ,

ht+1 = µ(1− φ) + φht + ηt , t = 1, ...,T − 1,[
εt
ηt

]
∼ N

( [0
0

]
,

[
1 ρσ
ρσ σ2

] )
, t = 1, ...,T ,

Wt ∼ IG (
ζ

2
,
ζ

2
), t = 1, ...,T ,

(1)

where νt follows the generalized hyperbolic skew Student’s
t-distribution. Aas and Haff (2006) study its statistical properties.

I In our paper, properties of yt are given. The mixing variable Wt can be
interpreted as a “surprise” or “shock” variable.
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Factor stochastic volatility model

We propose the following multivariate extension:

yt = Λft + ut , t = 1, ...,T ,

{fj ,t}Tt=1 ∼ Model 1, j ∈ {1, ..., p},
{ui ,t}Tt=1 ∼ Model 1, i ∈ {1, ..., n}.

I yt (n × 1): asset returns.

I ft (p × 1): common dynamic factors.

I Λ (n × p): factor loadings.

I ut (n × 1): asset-specific idiosyncratic noise.

6 / 34



Literature on high-dimensional multivariate SV model

I Quite scarce, close to none.

I Many multivariate SV models have very restricted dimensionality. Many
are non-scalable in number of assets n.

I Two proximate models:
I Chib et al. (2006): high-dimensional with Gaussian factors and Student’s

t-error, no leverage effect, no asymmetry. But provide a promising
scalable modeling framework.

I Nakajima (2015): Cholesky SV modeling based on GH Skew t-error, low
dimensionality, no factor / systematic interpretation.

I A promising class of models: Score-driven model of Creal et al. (2012),
Oh and Patton (2012). High-dimensional and scalable, but joint
estimation extremely hard.
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Estimation: Univariate case

Let θ = (φ, σ, ρ, µ, β, ζ) collect the parameters in Model 1. We implement an
MCMC algorithm that iterates over:

1. Sampling (h1:T ,W1:T )|y1:T , θ;

Not efficient

I Nakajima and Omori (2012): multi-mover sampler of Shephard and Pitt
(1997) for h1:T |y1:T ,W1:T , θ;

I W1:T |y1:T , h1:T , θ is sampled by accept-reject Metropolis-Hastings
algorithm.

2. Sampling θ|y1:T , h1:T ,W1:T .

8 / 34



I We sample h1:T ,W1:T as a single block for efficiency.

I The conditional density p(h1:T ,W1:T )|y1:T , θ is not available for direct
sampling.

I Most existing methods for SV models do not generalize to our case.

I For example, leverage effects imply that the model has a nonlinear state
transition equation. That prevents the use of the methods in Kim et al.
(1998) and Chib et al. (2006).
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EIS-PGAS sampler

Sampling of xt = (ht ,Wt)
′ is based on particle Gibbs with ancestor sampling

(Lindsten et al. 2016) using particle efficient importance sampling proposal
density (Scharth and Kohn 2016), or EIS-PGAS.

I PG (Andrieu et al. 2010) samples from the conditional posterior via a
Sequential Monte Carlo approximation of p(xt |y1:T , θ).

I EIS proposal density provides a sufficiently accurate SMC approximation.

I AS deals with inevitable degeneration problem of SMC and improves
efficiency.
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EIS-PGAS sampler

We need an importance / proposal density that approximates the posterior
sufficiently accurately and makes sequential draws simple and fast.

The importance sampler is chosen to follow

q(x1:T |y1:T ) = q(x1|y1:T )
T∏
t=2

q(xt |xt−1, y1:T ).

So we pair up

p(xt |xt−1, yt−1), the transition probability,

with
q(xt |xt−1, y1:T ), the proposal density to be constructed.
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EIS-PGAS sampler

Figure: Iteration 0
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EIS-PGAS sampler

Figure: Iteration 1

13 / 34



EIS-PGAS sampler

Figure: Iteration 2
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EIS-PGAS sampler

Figure: Iteration 3
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EIS-PGAS sampler

Figure: Iteration 4
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EIS-PGAS sampler

Figure: Iteration 5
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EIS-PGAS sampler
Lindsten, Jordan and Schön
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Figure 2: Particle systems generated by the PG algorithm (left) and by the PGAS algorithm
(right), for the same reference trajectory x′1:T (shown as a thick blue line in the left
panel, partly underneath the red line). The gray dots show the particle positions
and the thin black lines show the ancestral dependencies of the particles. The
extracted trajectory x?1:T is illustrated with a red line. In the right panel, AS
has the effect of breaking the reference trajectory into pieces, causing the particle
system to degenerate toward something different than x′1:T . (This figure is best
viewed in color.)

blue lines are again used to illustrate the reference particles, but now with updated ancestor

indices. That is, the blue line segments are drawn between x
aNt
t−1 and x′t for t ≥ 2. It can

be seen that the effect of AS is that, informally, the reference trajectory is broken into
pieces. It is worth pointing out that the particle system still collapses; AS does not prevent
path degeneracy. However, it causes the particle system to degenerate toward something
different than the reference trajectory. As a consequence, x?1:T (shown as a red line in the
figure) will with high probability be substantially different from x′1:T , enabling high update
rates and thereby much faster mixing.

4. Theoretical Justification

In this section we investigate the invariance and ergodicity properties of the PGAS kernel.

4.1 Stationary Distribution

We begin by stating a theorem, whose proof is provided later in this section, which shows
that the invariance property of PG is not violated by the AS step.

Theorem 1. For any N ≥ 1 and θ ∈ Θ, the PGAS kernel PNθ leaves γ̄θ,T invariant:

γ̄θ,T (B) =

∫
PNθ (x′1:T , B)γ̄θ,T (dx′1:T ), ∀B ∈ X T .

2152

Figure: PG vs. PGAS
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EIS-PGAS sampler
The shade of each particle represents its relative weight.

Figure: Without EIS 19 / 34



EIS-PGAS sampler

Figure: With EIS
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Sampling θ|y1:T , h1:T ,W1:T

To sample θ = (φ, σ, ρ, µ, β, ζ), we follow Nakajima and Omori (2012) with
exceptions for σ and ρ. We have

I MH algorithm for AR coefficient φ and IG d.o.f. parameter ζ.

I Gibbs sampler (normal conjugate) for unconditional mean µ and
skewness parameter β.

I Gibbs sampler (normal-inverse-gamma conjugate) for
(ϑ,$)′ = (ρσ, σ2(1− ρ2))′.
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Estimation of the multivariate model

Recall our factor SV model

yt = Λft + ut , t = 1, ...,T ,

{fj ,t}Tt=1 ∼ Model 1, j ∈ {1, ..., p},
{ui ,t}Tt=1 ∼ Model 1, i ∈ {1, ..., n}.

I yt (n × 1): asset returns.

I ft (p × 1): common dynamic factors.

I Λ (n × p): factor loadings.

I ut (n × 1): asset-specific idiosyncratic noise.

As in Chib et al. (2006), the multivariate model gives n + p univariate SV
models conditional on the factor process {ft}Tt=1 and loadings Λ.

So linearly scalable in both n and p!.
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Estimation of the multivariate model
Shrinkage on skewness and leverage effect

I Model might be too flexible, and it treats factors and asset-specific
idiosyncratic components in a non-discriminatory way.

I We would like the data to tell us the different sources of skewness and
leverage effect.

I Shrinkage prior on leverage effect and skewness parameter −→
Shrinkage posterior.
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Empirical study
Data

I Data contain n = 80 series of weekly stock returns from components of
S&P 100.

I 2nd Feb 1996 til 3rd March 2017 – Cover major events: 1998, 2000,
2008, 2012. Total T = 1095.

I Bai and Ng (2002) criterion: IC p1 and IC p2 choose 4 factors, while
IC p3 chooses 6 factors.

24 / 34



Empirical study
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Figure: Posterior estimate of the factor loadings Λ. From top to bottom are the posterior

mean (bar) and standard deviation (dot) of the loadings on the 1-st, 2-nd, 3-rd and 4-th

factors. Due to identification restriction, the upper diagonal block of Λ is fixed.
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Empirical study

Table 8: Summary of Posterior Estimate

pars
Mean and standard deviation of posterior

mean s.t.d. C.I. lb C.I. ub skewness

φ 0.971 (0.033) 0.007 (0.004) 0.962 (0.037) 0.977 (0.033) -0.536 (0.279)
σ 0.197 (0.095) 0.019 (0.010) 0.184 (0.082) 0.209 (0.091) 0.082 (0.017)
µ -7.578 (0.454) 0.328 (0.109) -7.670 (0.468) -7.308 (0.449) -0.404 (0.396)
ζ 28.885 (1.603) 5.436 (0.371) 24.265 (1.489) 31.434 (1.708) 0.409 (0.169)

The table shows the mean of 84 posterior means, standard deviations, the lower (lb) and upper bounds (ub) of 95%

credible interval, and skewness obtained from the MCMC samples after burn-in. In the bracket is the associated

standard deviation among 84 series of one posterior statistics.

µ is found to result from five very left-skewed µ’s for the stochastic volatility process, of which

four are asset-specific and one is h4,t, stochastic volatility for the fourth factor. This can also

be seen from the large standard deviation of the skewness estimates, suggesting the estimation

procedure produces quite different posterior distributions of p(µ|·) among the 84 series.

Table 9 reports some statistics summarizing the inefficiency factors obtained using the pro-

posed EIS-PGAS algorithm including minimum, maximum and interquartile range (IQR). For

parameters pertaining to the 84 stochastic volatility models, inefficiency factors are very com-

parable to the one obtained in the Monte Carlo study of the univariate model. This supports

our previously mentioned claim that once the multivariate model is split into N + p individual

univariate model, EIS-PGAS is able to produce an MCMC sample almost as efficiently as in

the case ofa univariate model. For such a complex model structure with more than 800 param-

eters to estimate, that EIS-PGAS delivers smaller than 20 IE(φ) and IE(µ) in almost all 84

individual Markov chains is believed to be a great achievement. IE(σ) is larger but there is

only one IE(σ) larger than 50 and the tight IQR also suggests the fast decay of the autocovari-

ance of the Markov chain for σ. IE(ζ) tends to be larger than the previous three parameters,

similar to the case of univariate model, but according to Table 1 we believe it would be much

smaller than if MM-MH of Nakajima and Omori (2012) were applied. The last four columns

give the inefficiency factor of loadings on the four factors. Remember that the sampling scheme

for Λ we use is a standard MH algorithm based on Laplace approximation, but with the help

of marginalization of factors the product form of Λft in the likelihood function which usually

cause inefficient sampling is broken and as Chib et al. (2006) suggest, factor loadings can be

sampled efficiently. The IQR for IE(Λ1) and IE(Λ3) is apparently tighter than that of IE(Λ2)

and IE(Λ4) may be caused by the many-near-zero loadings on the second and fourth factor as

50

Figure: The table shows the mean of 84 posterior means, standard deviations, the lower

(lb) and upper bounds (ub) of 95% credible interval, and skewness obtained from the

MCMC samples after burn-in. In the bracket is the associated standard deviation among 84

series of one posterior statistics.
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Empirical study

Table 9: Summary of Inefficiency Factor

statistics
Parameters
φ σ µ ζ Λ1 Λ2 Λ3 Λ4

medium 11.32 27.79 6.35 67.24 14.86 45.24 33.64 69.70
min 5.67 22.37 3.77 32.85 8.94 25.53 21.71 42.57
max 21.27 52.46 13.38 94.21 19.63 87.04 50.38 108.67
IQR 13.68 30.56 8.10 47.16 6.34 51.90 18.66 57.83

Based on 84 estimates for each parameter, the table shows the summary of inefficiency factors delivered by the pro-

posed EIS-PGAS algorithm. Λj stands for the the loadings on the j-th factor. IQR is the interquartile range.

seen in Figure 10.

Figure 11 illustrates the posterior shrinkage estimate of the leverage effect ρ and skewness

parameter, sorted in ascending order. From the left and middle panel, we can see that both

leverage effect and asymmetry for all individual assets have some systematic content. Although

ρf2 and ρf3 are between −0.1 and 0, ρf1 and ρf4 are clearly non-zero and negative on which

all assets have weight. Asymmetry from the second factor contributes the most of each asset

return’s observed asymmetry as suggested by the middle panel of this figure. Additionally,

the 1-st and the 3-rd factor also cause asymmetry in assets’ returns. Comparing the shrinkage

estimate of β with ρ, we can see that after accounting for the leverage effect brought by the

factor process, many return series still possess some amount of asset-specific leverage effect,

which can be told by the right panel showing that many individual assets enjoy smaller than 0.8

posterior probability of zero leverage. While this is different from the case of asymmetry where

βf accounts for almost all asymmetry observed in asset returns. We think the phenomenon that

asymmetry of asset returns is very systematically-driven calls for the inclusion of risk premium

related to third moment of the market portfolio in many different asset pricing models.

Figure 12 illustrates the posterior mean estimate of four factors fj,t with associated stochastic

volatility process hj,t for j = 1, ..., 4 and four randomly chosen asst-specific stochastic volatility

process li,t for some i ∈ {1, 2, ..., 80}. The posterior mean estimate of four factors suggest they

are similar in shape and magnitude, but they are not multiples or linear combinations of the

others, meaning that each of the four factors may have some unique systematic content. This

becomes clear if we look at the middle panel which shows that the dispersion of four factors

are different in both timing and magnitude. While if one looks at the four randomly chosen

asset-specific volatility processes, it can be concluded that the time-varying volatility of some

asset’s return can not be fully explained by the volatility of four factors and such individual

51

Figure: Based on 84 estimates for each parameter, the table shows the summary of

inefficiency factors delivered by the proposed EIS-PGAS algorithm. Λj stands for the the

loadings on the j-th factor. IQR is the interquartile range.
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Empirical study
Sources of leverage effect and asymmetry
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Figure: Sorted posterior estimate of ρ and β. Left / Middle: posterior mean estimate of

leverage effect ρ / skewness parameter β with 95% credible interval; Right: posterior zero

probability of β against that of ρ. Colored dots indicate the parameters corresponding to

four factors.
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Empirical study
Systematic interpretation of the extracted factors
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Figure: Explanatory content of four factors on the three factors of Fama-French (1993).

For the left to the right are the t-statistics of regression of posterior mean of four factors f ′t
for all t on each one of the three Fama-French factors: Rm-Rf, SMB, and HML. Red

indicates significant effect.
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Minimum-variance portfolio
Value-at-Risk

MVP determines portfolio weights ωt+h|t at time t to rebalance at time t + h
s.t.

ωt+h|t = arg min
ω
ω′Ωt+h|tω, subject to ω′ = 1,

with solution

ωt+h|t =
Ω−1t+h|t

′Ω−1t+h|t
.

For the portfolio return, VaR is defined by

VaRp,t+1|t(α) =
√
ω′t+1|tΩt+1|tωt+1|tF

−1
yp,t+1|t

(α).

We consider a U.S. portfolio with 80 assets, and an Australian portfolio with
40 assets.
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Minimum-variance portfolio
Value-at-Risk
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Minimum-variance portfolio
MVP performance

I Risk-adjusted return per unit of portfolio return variability, Sharpe Ratio
or SR(h) = µ̂(h)/σ̂(h):

µ̂(h) =
1

S − h

S−h∑
s=1

ω′T+s+h|T+syT+s+h,

σ̂2(h) =
1

S − h

S−h∑
s=1

(
ω′T+s+h|T+syT+s+h − µ̂(h)

)2
.

I How much excess return per unit of risk for deviating from a benchmark,
Information Ratio or IR(h) = µ̃(h)/σ̃(h):

µ̃(h) =
1

S − h

S−h∑
s=1

ω′T+s+h|T+s(yT+s+h − µB,T+s+h),

σ̃2(h) =
1

S − h

S−h∑
s=1

(
ω′T+s+h|T+s(yT+s+h − µB,T+s+h)− µ̃(h)

)2
,
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Minimum-variance portfolio
MVP performance
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Conclusion

I A multivariate SV model, with leverage effect, asymmetry, and heavy
tails, both in factors and in asset-specific components.

I An efficient scalable MCMC sampler with shrinkage.

I IS2 accurately calculates marginal likelihood.

I Return asymmetry and leverage effect are systematic, especially
asymmetry.

I Hedging strategy based on the proposed model produces reliable VaR
estimate and performs well compared with other factor model.
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