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Abstract
Using time-varying parameter models that incorporate stochastic volatility (SV) and a Heckman-type two-step estimation

procedure that deals with the possible endogeneity problem in the estimation procedures, we identify declines in long-run
output growth in the G-7 countries during the post-war era. The results support the view that most of the slowdown (approxi-
mately 74%) occurred before the GFC. Our methodology also allows us to compute the long-run growth rate associated with
labour productivity, finding that the latter is the main reason behind the slowdown both before (approximately 60%) and after
(approximately 72%) the GFC.

Introduction
The GFC has raised concerns about the possibility that advanced economies are entering an era of secular
stagnation, that is, an era characterised by a slowdown in the rate of growth of long-run GDP.
• Potential output growth rate: such that unemployment stays at its long-run equilibrium level.
•Many factors may have contributed to the decline: labour force participation (Stock and Watson, 2012),

ageing population (ECB, 2011), declining productivity growth (Gordon et al., 2015).
• The measure of potential growth rate is important as it determines the NAIRU and NRR (Holston et al.,

2017).

A time-varying Okun’s law
Output in time t, Yt, can be represented as follows:

Yt ≡
Yt
Ht

Ht
Nt

Nt
Lt
Lt ≡ rthtetLt, (1)

where Ht, Nt, Lt represent hours worked, total employment, and total labour force, respectively. Therefore,
Yt/Ht = rt, Ht/Nt = ht and Nt/Lt = et represent labour productivity, hours worked per worker, and the
employment rate, respectively.

By taking differences on the logarithms of (1), we have

gt = rt + ht + et + lt.

where gt represents output growth rate; and the right-hand side shows the sum of labour productivity growth
rate (rt), hours worked per worker (ht), the employment rate (et) and the labour force (lt).

To maintain a constant (un)employment rate, et = 0, and on a balanced growth path, gDt = gSt . This gives
rise to

gDt = gSt −
1

et−1
∆ut,

where ut is the unemployment rate. This equation is a first-difference version of Okun’s law. Naturally, we
can model this relationship via time-varying parameter model (TVPM) (Kim, 2006)

gt = β0,t + β1,t∆ut + εt, (2)

where β0,t captures rt + ht + lt and thus serves as a measure of potential growth rate. This model is then able
to capture the output growth rate associated with productivity, namely

gt − ht − lt = β∗0,t + β∗1,t∆ut + ε∗t .

Model and econometrics

TVPM with MA error, SV, and IV
Based on the baseline equation (2) we firstly propose a state space model with the following measurement
equation

gt = β0,t + β1,t∆ut + φεt−1 + εt, t = 2, ..., T, (3)

, where εt ∼ N(0, σ2
t ) subjects to SV which evolves according to

log σt+1 = log σt + σζt, t = 2, ..., T − 1.

State transitions are given by

β0,t+1 = β0,t + βt
βt+1 = βt + λ0σtη0,t

β1,t+1 = β1,t + λ1σtη1,t, t = 2, ..., T − 1.

Despite the MA error and SV that account for model specification, ∆ut is likely endogenous which can lead
to bias and inconsistent inference. We follow the Heckman-type bias-correction procedure of Kim (2006).

Assuming a linear relationship between the endogenous regressor ∆ut and a set of instruments zt through a
TVPM

∆ut = z′tγt + et, et ∼ N(0, σ2
e),

γt+1 = γt + ξt, ξt ∼ N(0,Σξ).
(4)

Kalman filter decomposes ∆ut into a predicted value E(∆ut|Ft−1) and an orthogonal prediction error êt, i.e.

∆ut = E(∆ut|Ft−1) + êt, êt = σeê
∗
t , êt ∼ N(0, 1),

where ê∗t is the standardised prediction error. This enables us to model endogeneity by E(ê∗t εt) = ρσt, and the
regression lemma gives

εt = ρσtê
∗
t + ε∗t , ε∗t ∼ N

(
0, (1− ρ2)σ2

t

)
. (5)

Equation (5) shows the two components of εt. The endogenous regressor ∆ut is correlated with ê∗t , but not
correlated with the orthogonal component ε∗t . Substituting (5) into (3) results in

gt = β0,t + β1,t∆ut + ρ(φσt−1ê
∗
t−1 + σtê

∗
t ) + φε∗t−1 + ε∗t . (6)

Estimation procedure
1. Error decomposition: the IV model (4) is estimated by Kalman filter. The standardised one step-ahead

prediction errors ê∗t , t = 1, ..., T are obtained.
2. Median unbiased estimator: We estimate the following model by Kalman filter

gt = β0 + β1,t∆ut + ρσζ(φê
∗
t−1 + ê∗t ) +

√
1− ρ2σζ(φξ

∗
ζ + ζ∗t )

β1,t+1 = β1,t + σ1η1,t,

and determine λ̂0 = σ̂0/σ̂ζ based on the exponential Wald test statistic.

3. Simulated MLE: with λ2
0 = λ̂2

0
1+φ2

1−ρ2 , the full model with measurement equation (6) is estimated using simu-
lated ML with θ = (σ, λ1, φ, ρ). This is done using the NAIS method of Koopman et al. (2015).

Findings

Figure 1: This table shows the estimation results for the TVPM with MA errors and SV. Comparison is made between the model
with and without the bias correction using IVs. Estimates of ρ indicate the significance of endogeneity problem. For Canada and
Japan, we do not have endogeneity and the model boils down to our baseline model. The negative sign of ρ suggests that if the
endogeneity problem is neglected, β0,t will be upward biased.
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Figure 2: This figure shows the smoothed estimate of the potential output growth rate or long-run output growth rate β0,t of the US,
together with the SV σt. From the right panel, the decreasing volatility after the 1980s is in line with the “Great Moderation”. The
95% confidence band of β0,t suggest our measure of potential growth rate is decently estimated, including the CBO measure for all
t.
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Figure 3: This figure shows the potential growth rate of the labour productivity for the US. One can observe an obvious downward
trend which helps explain that a main driver for the decline in potential output growth comes from the dwindling labour productivity.

Figure 4: This table shows percentage point change in potential growth rate of output and labour productivity. Comparison is made
between before and after the GFC. Main conclusion is that the decline of potential growth rate of output takes place way before the
GFC, and the decline in labour productivity plays a big role in that.

Conclusion
This paper has estimated a measure of potential output growth rate —the rate that is consistent with a sta-
ble unemployment rate— for the G-7 countries during the post-war era by using TVPM with SV and a
Heckman-type two-step estimation procedure that deals with potential endogeneity problem. The method-
ology employed also allows us to compute the potential growth rate associated with labour productivity. We
find that potential output growth has fallen by approximately 3.0 percentage points and that associated with
labour productivity has fallen by approximately 3.5 percentage points. Also, most of the slowdown in both
potential growth rates occurred before the GFC: approximately 73.6% for output growth and 81.1% for labour
productivity growth.
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